A scheme for the detection of photons generated by vacuum mixing processes is proposed. The strategy consists in the utilization of a high numerical aperture parabolic mirror which tightly focuses two co-propagating laser beams with different frequencies. This produces a very high intensity region in the vicinity of the focus, where the photon-photon nonlinear interaction can then induce new electromagnetic radiation by wave mixing processes. These processes are investigated theoretically. The field at the focus is obtained from the Stratton-Chu vector diffraction theory, which can accomodate any configuration of an incoming laser beam. The number of photons generated is evaluated for an incident radially polarized beam. It is demonstrated that using this field configuration, vacuum mixing processes could be detected with envisaged laser technologies.
With recent advances in laser technology, that enable unprecedented intensity levels (above 10 20 W/cm 2 [1] ), there has been a surge of interest in the study and discovery of Quantum Electrodynamics (QED) processes in laser physics [2] . One of the most important and surprising signatures of QED is the possibility of inducing wave mixing in the "vacuum", whereby electromagnetic radiation of novel frequencies are generated from the interaction between photons. This phenomenon is very similar to processes occurring in nonlinear media, such as fourwave mixing, harmonic generation and the propagation in birefringent material. These are the result of the nonlinear polarization and magnetization characterizing the medium response to an external electromagnetic field. According to the QED effective action [3] , an analogous feature also exists in vacuum owing to photon-photon interaction because these interactions also generate nonlinear polarization and magnetization [4, 5] . For relatively small field strengths obeying |E|, |B| E S (where the Schwinger field is E S = 1.3 × 10 18 V/m), the leading order expression in the fine coupling constant α ≈ 1/137 of the vacuum response scales like ∼ α 2 and is cubic in the electromagnetic field. As a consequence, the effect is very weak for field strengths reached by current lasers and thus, it has eluded experimental verification so far [6] . Nevertheless, many observables have been studied and proposed theoretically to investigate the QED nonlinearity, taking advantage of the formal analogy with optics. These include four-wave mixing [4, 5] , vacuum birefringence [7] [8] [9] [10] and second harmonic generation [11] . All of these processes occur due to the fact that QED induces a cubic nonlinearity.
This work revisits one of the well-known mixing processes where two incident fields with different frequencies ω 1 and ω 2 interact with each other to generate harmonics (this study focuses on the generation of ω a = 2ω 1 − ω 2 and ω b = 2ω 2 − ω 1 ). The originality of this article resides in the field configuration considered, depicted in Fig. 1 : the two laser beams are initially co-propagating and tightly focused by a parabolic mirror with a High Numerical Aperture (HNA). A similar setup has been used in [12] to accelerate electrons. Mixing processes then occur close to the focal point where the electromagnetic radiation reaches its highest intensity. It will be shown that this geometry can increase the number of emitted photons significantly while circumventing some technical and experimental limitations.
FIG. 1:
Field configuration: an incident laser beam (blue) with co-propagating frequencies ω 1 and ω 2 is focused by a parabolic mirror (PM). At the focal point, the intensity of the electromagnetic radiation is the highest and photons of frequencies ω a = 2ω 1 − ω 2 and ω b = 2ω 2 − ω 1 (red) can be generated.
There have been many proposals to detect these mixing effects using other field configurations. One of the earlier works on this topic considered the four wave mixing process of three linearly polarized plane and Gaussian waves [4] [5] [6] . This was tested experimentally using two strong counterpropagating beams and one weaker beam, interacting at an angle [6] . It was concluded that the intensity level used in the experiment was not high enough to detect the QED effect, although it was possible to put an experimental upper limit on the photon-photon crosssection of σ QED < 1.5×10
−48 cm 2 [6] . Similar theoretical investigations have been performed, for other promising arXiv:1407.3014v1 [hep-ph] 11 Jul 2014 field configurations, using the crossing of three Gaussian beams with optimized polarizations [13] and by considering the collision of two short pulses [14] . Recently, the generation of radiation from a single strongly focused beam was considered [15] . In this particular case, the nonlinearly induced field has the same frequency as the incident laser field. The two signals can be discriminated because the generated radiation has a field component orthogonal to the incident linearly polarized field.
In this article, the photon number and space distribution are evaluated for mixing processes occurring at the focus of the HNA parabola. The strategy to evaluate the photon distribution is divided in three main steps: 1. Fixing the incident field. 2. Calculation of the field close to the focal point. 3. Determination of the generated radiation. Each step will be detailed in the following. QED units in which = c = m = 0 = µ 0 = 1 (where m is the electron mass) and e = √ 4πα are used throughout the calculations.
The starting point of this work is the set of timedependent Maxwell's equations given by
where r is the space coordinate, t is the time and E and B are the electric and magnetic fields, respectively. The displacement field D and magnetizing field H are given in terms of the polarization P and magnetization M as
So far, this corresponds exactly to classical electromagnetic theory in matter where the polarization and magnetization characterize the response of materials to the electromagnetic field. According to the QED effective action (Heisenberg-Euler action [3] ), the "vacuum" also behaves in a similar way due to photon-photon interaction. In the weak field limit, when |E|, |B| E S , in the low photon energy limit, when ω mc 2 , and for wavelengths smaller than the Compton wavelength [16] , this action yields the Maxwell's equations described previously, with polarization and magnetization vector fields given by [3] 
where the constant a := 4α 2 45 . Maxwell's equations, along with the expression of the polarization and magnetization obtained from the QED effective action, govern the time evolution of the electric and magnetic fields with photon self-interaction. These equations (3)-(6) can be turned into wave equations for the electric and magnetic fields:
They form a coupled set of six nonlinear partial differential equations, which can be solved by linearization by writing
where E ext , B ext are the focused external fields and E,B ∝ α 2 are the weak fields generated by the nonlinear interaction. The external field propagates freely in the vacuum and thus, obeys the homogeneous wave equation. It is assumed that the generated fieldẼ(r, t) magnitude is much smaller than the external field, that is |Ẽ(r, t)|, |B(r, t)| |E ext (r, t)|, |B ext (r, t)|. The wave equations, Eqs. (7)- (8), can then be solved using retarded potentials. The latter can be simplified furthermore within the far field approximation, assuming the distance R, where the emitted field is measured, is much larger than the interaction region L [17] , that is R L. Finally, using vector calculus identities, the solution can be simplified to [18] 
for photons generated at frequency ω a . The number of photons at this frequency N a and their spatial distribution on the surface of the detector S d can be estimated from the time-averaged Poynting vector:
where · · · stands for the time average and τ is the pulse duration, assuming a rectangular pulse time profile. To complete the calculation, the evaluation of E a,ext and B a,ext is required. Both correspond to the focused laser field close to the focal region, which is now discussed in the context of the Stratton-Chu diffraction formulation [19, 20] . When a wave is strongly focused by a parabolic mirror, a full solution to Maxwell's equation is required [21] . For a perfectly conducting surface, the electromagnetic field generated by an opened emitting surface illuminated by an incoming laser field E inc , B inc at frequency ω a is given by the following Stratton-Chu integrals [19, 20] :
where S is the surface of the mirror, is the tangent vector on the mirror opening ∂S,n is the unit vector normal to the mirror, k is the wave vector and G is the Green's function. The parabolic shape of the mirror is accounted for in the surface integral by setting r 2 S = 4f (z S + f ) for the coordinates on the parabola (in cylindrical coordinates z and r), where f is the focal length. It is clear from Eqs. (14)- (15) that any type of incoming laser field can be used to evaluate the field at the focus, giving us the flexibility to study various field configurations. Moreover, the Stratton-Chu equations are integral solutions to Maxwell's equations and thus, should describe accurately the field of a tightly focused configuration.
The incident laser field considered here is a radially polarized Gaussian laser beam propagating in the −ẑ direction. It is given, in the paraxial approximation, by [21] :
where w 0 is the beam width, k is the wave number and E 0 is a normalization constant fixed from the timeaverage value of the Poynting vector, which is given by
πτ , where U is the energy per pulse. This choice of incident field is justified by the fact that radially polarized beams can be focused on a smaller region compared to linear polarization, leading to a higher field intensity close to the focal spot [22] . Presumably, this will also yield a higher number of emitted photons from mixing processes. Other polarization and field configurations will be studied in future work.
All the ingredients to compute the photon distribution have been discussed. To summarize, the first step is the calculation of the field at the focus using Eqs. (14) and (15), for two frequencies ω 1 and ω 2 . This is performed numerically with Gauss-Legendre quadrature. In the second step, the components of P ext and M ext with frequencies ω a = 2ω 1 − ω 2 and ω b = 2ω 2 − ω 1 are extracted analytically and evaluated numerically. Finally, the generated field is computed numerically using Eqs. (11) and (12) . The numerical results obtained from this procedure are now presented.
In numerical calculations, the wavelengths of the incoming laser field are set to λ 1 = 820 nm and λ 2 = 780 nm, which can be obtained from a 800 nm beam by a spectral pulse shaping technique [23] . Consequently, the radiation from mixing processes in the vacuum will be emitted at λ a ≈ 864 nm and λ b ≈ 744 nm. A broad spectrum for the incident beams, required to describe short pulses, can also be considered in principle. The effect of this will be studied in future work.
Integrated over all angles of emission, the total number of photons N is sensitive to the incident laser pulse characteristics (energy and pulse duration) as well as the parabola parameters (i.e. focusing parameters). The total number of photons N emitted at ω a is shown in Fig.  2 , as a function of the energy per pulse, for different focal lengths. Clearly, for smaller focal lengths, the number of photons can be enhanced by many orders of magnitude due to the larger focused field. This is similar to the results found in [15] . The scaling of N with the pulse energy (U ) shown in figure 2 can be obtained analytically from the scaling of the field and the expressions for the emitted radiation: the number of photons scales like N ∝ U 3 /τ 2 , which explains the rapid rise of the photon production rate with the energy per pulse. In the following numerical calculations, we consider a 1 PW laser, which is now available [2] , with a pulse length of τ = 30 fs and an energy per pulse of U = 30 J. The total number of photons emitted at ω a as a function of focal length (f ) and aperture size (r max ) is shown in Fig.  3 . This result demonstrates that the number of photons emitted saturates at a certain value of r max where the non-reflected tail of the Gaussian beam is negligible. More interesting however is the non-linear increase of the number of emitted photons as the focal length is decreased or as the aperture size is increased: this effect is caused by the higher field strength attained as f becomes smaller and r max becomes larger. This can be used to enhance the signal from wave mixing in vacuum. In Fig. 4 , the photon distribution as a function the angle θ from the optical axis of the parabola (the z-axis) is presented with some optimized parameters. In both mixing cases (λ a,b ), most of the photons are emitted in the range [40
. This should guide future experiments for optimizing the detection system.
The numerical results generally show that in a certain parameter range, when the energy per pulse is large, the focal length is small and when the aperture size is large, a detectable number of photons can be emitted by vacuum mixing processes. For instance, it is claimed that the planned Appolon high-intensity infrastructure should deliver τ ∼ 15 fs pulses at 10 PW, for an energy per pulse of 150 J [24] . Using a beam width of w 0 = 0.2 m, f = 0.02 m and r max = 0.15 m, it would be possible to produce N ≈ 6.5 photons per shot in our tightly focused geometry.
The main advantage of this geometry however pertains to the alignment and synchronization of the beams: in most scenarios (see [5, 13] for instance), one considers the crossing of many laser beams. It is a very challenging technical task to align and synchronize many highly fo- cused counter-propagating short pulse laser beams while preserving a high intensity at the interaction region. This is because in order to obtain the intensity required to observe wave mixing in vacuum with lasers of 1 -10 PW, the laser has to be focused on a very small focal spot, the size of a wavelength (λ focal spot ∼ λ). The technique presented in this letter circumvents these complications because a single incident beam can be used. Then, the mixing occurs at the focus between its different frequency components and this process can be optimized by using a spectral pulse shaping technique [23] . A more detailed analysis of this geometry, including the effect of short pulse spectra, will be presented in future work.
